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ASSESSMENT OF CENTERED DIFFERENCE SCHEMES ACCURACY FOR
DYNAMIC PROBLEMS OF ELASTICITY THEORY IN INTERPOLATION
SPACES

D. UTEBAEV!

ABSTRACT. In the present paper, we investigate the accuracy of difference schemes for the
first-order hyperbolic systems for the case of two-dimensional equations of dynamical theory
of elasticity under weak smoothness assumptions on the solutions of the differential problem.
Developing the apparatus of stability theory of difference schemes, we obtain an a priori error
bound in a norm weaker than. Using this bound and the Bramble-Hilbert lemma, to estimate
the approximation error, we prove O(r™ + h™) convergence of the scheme to the solution of
the differential problem from the class W3 (Qr), m = 1,2. Besides, we obtained the accuracy
of bounds in the interpolations space.
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1. INTRODUCTION

Study of convergence and accuracy of difference schemes takes the central place in the theory
of numerical methods. Classic approach to study of convergence of difference schemes based
on the Taylor formula sets high requirements to smoothness of solution (see the works [6], [7]).
Therefore, in the recent time in the theory of difference schemes, increasing attention is paid to
the issue of receiving the assessment of rate of convergence of difference schemes, at minimum
requirements to smoothness of solving of a differential problem, i.e. receiving of concordant
assessments of rate of convergence. For first time, such assessments had been received by A.
A. Samarskiy, R.D. Lazarov and V. L. Makarov [7]. In particular, with help of operators of
accurate difference schemes, assessments of rate of convergence of difference schemes for the
following elliptical equations have been received, consistent with smoothness of desired solution,

k—
lly — UHW;(W) < M[h]** Hung(m y

where |h| — characteristic size of grid, 0 < s < k, s and k— real numbers, u(x)— solution of
initial differential problem, y(x)— solution of relevant difference scheme, ||- ||W2s(w) and |]-||W2;€(Q) -
Sobolev norms on set of functions of discrete and continuous argument, respectively, and M —
some constant not depending on the step of grid. The assessment of the below kind will be
named as assessment of rate of convergence of difference schemes, concordant with smoothness
of desired solution, for hyperbolic-type equation

EP)(t2) < M(7571 4 [R50 Jlully 0, (1)
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where E}(fl(t; z) is some energy norm of s order similar to energy integral [2] as distinct from

that, here we also consider the case s < 0. Here ||.[|;, o, is norm in Sobolev space WHQr),Qr =
{(0,T) x Q}, z is inaccuracy of numerical method.

Assessments in interpolation spaces are of great interest, i.e. assessments of type (1) with
non-integral s and k. Such assessments are typical for finite-element method [8], [9].

In this work, such assessments will be received for difference schemes of approximating dy-
namical problems of elasticity theory.

2. STATEMENT OF PROBLEM

As it is known, many non-steady problems lead to solution of hyperbolic systems of first-order
equations

ot

Here z = (21, 22,...,2p) € Ry, U(z,t) = (u1, ..., us, ...um) (2, ), Fx,t) = (f1,..s fs s frn) (2, 1)

is function vector, D, Ay, B are real matrixes of degree m x m . These matrixes in general case

will depend on x and t. If matrixes D, Ag, B are symmetric, and matrix D is also a positive-

definite matrix, then the system of equations (2) is named symmetric t—hyperbolic system [1].
Solution of the system (2) is sought in the field Qr ={z€Q, te€[0,7]},

Q= {0 <zo <ly,a= m} is p—dimensional parallelepiped, and at t = 0 it should satisfy the

initial conditions

U & ou
D= =N"A, = Yy BU+F. 2
; k@xk+ U+ (2)

U(x,0) =U(x), z € Q (3)

and on the boundary I' = 9 of area Q to some boundary conditions.

In practice, solution of the system of first-order equations (2) with combined boundary con-
ditions, i.e. problems with initial and boundary conditions are of the greatest interest.

From the general system of first-order equations (2) we may separate a special class of equa-
tions, which matrixes have a block-structure view

_( D1 O _ ([ 0f  Af
D_(021 D22)’ Ak_<A]§1 0152)’ @
where blocks D11, 0%, are matrixes of degree s x s, 012, A¥y — sx (m—s), 021, A5, —(m—s) x s,
Das, 05, — (m — s) x (m — s), in this case 012,021, 0}, 05, are zero ones.

Choice of such classes of problems is explained by the fact that, first, many non-steady
problems of mathematical physics lead to this very class of problems, for example, system of
equations of acoustics, Maxwell, dynamic elasticity theory, magnetofluid dynamics, geomechan-
ics, etc. Second, for such class of problems, in addition to normal schemes of first order of
accuracy, we can build so-named centered difference schemes having second order of accuracy

in time and in space.
Let’s give definition of the notion of centered difference scheme. Let some differential equation

P
Lu=f, L=) La
a=1
be approximated by the difference equation
P
L'u=f", Lh=>"LL (5)
a=1

Difference equation (5) will be named as centered, if templates S, of operators L" are sym-
metrical and centers of symmetry S, coincide for all a.
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An advantage of centered difference schemes is that in some cases they remove difficulties
related to approximation of boundary conditions.

In this work, we consider system of equations of dynamic elasticity theory for velocities and
stresses [1]

Jog
Z a(;; + fa.

(6)

(90'(15 N 819 819/3 i
ot (504[3 202 Z 8177 < + 8.’Ea) , O, ﬂ - 1727

where 9, is components of vector of dlsplacement speed; 0,3 = 0, is components of stress
tensor; f, is components of vector of volumetric force; ¢ = (A + 2u)/p, 3 = u/p is velocities
of longitudinal and transversal waves; p is density; A, u are Lame’s constants; d,3 is Kronecker
symbol, a, 3 =1, 2.

Solution of the system (6) is sought in the area Qr = {x € Q, t € [0,T]}, where Q = {0 <
To <la, «=1,2} isrectangle, with initial conditions

Vo = 00(x), Oup = agﬁ(x), r€eQ, t=0 (7)

and boundary conditions

Vo = Mg_a)7 012 = ﬂ_é—a)’ To =0, (8)
Do =\t oo =al™ 24 =1y, t€(0,T], a=1,2

i.e. when normal component of displacements and tangent component of stress are set on the
boundary of rectangle.

3. DIFFERENCE SCHEMES AND ASSESSMENT OF ACCURACY

Let’s define grids according to spatial variables
Wo = {#a =iaha, ia=0,No} , &} ={Za = (ia+05)ha, ia=0Ng—1},

ha = lo/Ng
and for time
wr={tyn=nr,n=0M}, &={t,=(n+05)7, n=0,M—-1} , 7=T/M.

Let grid functions y, and &,3 = &g, approximate, respectively, ¥, and o,5. Grid functions
Yo and s, will be determined on the grid

W(y1) = w1 x @3,  W(y2) = @F X Wy, w(een) =w(aesr) =w] X 3,
@(%12) = W1 X Wy.
Let’s define the following averaging operators:

tnt1 t
1 — 1 _
Stu(xlwf%t):/U(ml;w% n)dn, Stu(ﬂﬁl,xz, /ux17x27 ydn, t>T,
T T
tn
0.57
— 2
S’LL(LUl,ﬂ?Q, - UZ'l,IQ, d777 t:O,
T
0

Tig+1
1
STy = S*1y(-, xq,t) = h—l / (&1, z2,t)dé;

(Eil
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etc. If we apply the operators S?S*1.8%2 and S'S%1 572 sequentially to the first two equations
A A

(6), and apply S* S71,5%2 to the third and forth equations, and finally S? S%1.5%2 to the last fifth
equation, we will obtain the following integral correlations

(5’9615%2191) (Stsmzo'll)m (St*gxlal?)fm + 1,

(5%1.8%2005), = (Stg%n)m (5'S*1012)z, 2,

(S¥15%2611) = (St Smﬁl)xl (cf —2¢3) (St S7192) 0, 9)
(8715%2G93)r = (cf — 202) (St Smﬂl)xl + @(St S¥99) 0,5

(S718%2519); = (St 57191z, (St S57299)z, | ,

A _
where St = ST ) = 81571 8% f1, g = S1S%1 5% f,. For t = 0 from the last three equations
(1) we have

O'll(fE t(]) - 0’11(56 0)

G G2 05 ¢ (S°5%291)0 + (] — 2¢3) (S5'S*19,)Y,,
g g 2Bl 2 0mlB ) (2 o) (st5m0,)0, + (5157 ),
Sr1 G 012(55,7%) 012(95 0) t o ot oz 0
571 G2 05 [(S ST, ) + (5'8%2d7)3, | -

Approximating integrals in (9)are defined by formula of average rectangles. We receive approx-
imation of the system of equations (6)

Y1t = R11,3, T X123, T P1, Y26 = 21,0, T X227, + P2,
A AN A\ AN

- 2 2 2 - 2 2 2

@11t = Y121 + (€] — 263)Y2,5, @221 = (] — 265)Y1,0, + C1Y2,20, (10)
N A\

- 2

®12t = ¢35 (Y1,2, + Y2,2,)-

Here y1 = y1(21,%2,t) , y2 = y2(T1,22,1) , @11 = 11(T1, T2, 1) , Rz = 202(T1,T2,1) , R12 =
&12(x1, x2,t) . Other notations are taken from [6]. The system (10) will be added with initial
conditions

y - lesx2191, y2 Swlst’ﬁO &11 S‘IIS:EQO-II, %22 — S$1Sl’2o-22’

- 0
_ &), — e
0 _ Gz1 Qa2 -0 11 11 _ 2.0 2 2y, 0
&)y = S5 07, 05 GYim + (] — 2¢3)Y3 4, (11)
-0 0 -0
29, — & &), — e
22 22 _ (2 2y, 0 2.0 12 12 _ 2.0 0
- 1 2)91,x1 192,29 - 1,z2 ,T1
05T (c1 = 22)Yi o, + C1Y2 05T Yz, + Y2.2,)

and boundary conditions
o = Stsx;;_aﬂg—a)’ ®1o = St§x3_aﬁé_a), Lo = 0’
(12)
Yo = Stsm3_a#g+a)’ 2%12 - Stgxg_aﬁé+a)’ Lo = la.
The system of difference equation (10) together with conditions (11), (12) presets centered
difference scheme for problems (6) to (8). It refers to the class of schemes of running calculation:
A A
from the first two equations (10) we find ¥, , and then from other equations we find &,5 «, 5 =
1,2.
Theorem 3.1. Let solution of the problem (6)-(8) belong to space W¥(Qr) and the condition
of stability of scheme (10)-(12) be fulfilled
V42 < ?(1-¢)? 0<e<l, a=1,2 (13)
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Then, solution of difference scheme (10)-(12) comes down in grid norm | -||, to solution of

initial problem with velocity O(T*=5~1 + |h|k_s_1) , with realization of assessment of accuracy
HY”s < M(Tkisil + ‘h‘k_s_l) ”UHk,QT ) 1<k—-s5<3, s=-1,0, k=1,2,3, (14)

where Y = (y1, Y2, @11, &gg, &13), U = (V1,02,011,092,012), [h|* = b + h),

-l oy = = [Hllo = 1Ml -

The proof of the theorem proving fully coincides with proving of theorem 3 and 4 of work [4].
Therefore we don’t quote them herein. The definition of the spaces H and H~! are given there
as well.

4. ASSESSMENT OF ACCURACY IN INTERPOLATION SPACES
On the basis of (14) we get assessment of accuracy in interpolation spaces [3].

Theorem 4.1. Let’s assume that U € W(Qr) and the condition of stability is satisfied (13).
Then, solution of difference scheme (10)-(12) comes down in grid norm H to accurate solution
of initial problem, with realization of assessment of accuracy

”Z”G < M(T et + |h|$7971) ||U||z£,QT , &€ [173]7 0 € [_Lo]a 2< ae—0 <3. (15)
Proof. Let’s introduce the spaces
={Z(z,t) € Clwr, W3 (wp))}, Ho = {Z(2,t) € Clwr, W3 (wp))}.

We introduce space Hgx 2, 2 € (1,2) , interpolating Hilbert spaces Hj, H, and the norm
VZ € Hg 2 is defined as follows

1/2

121 = | [ K2z e K(Zoa)= inf {12 Vi, +a V], 2 € Ha}.

We introduce the operator R, which sets inaccuracy of scheme (10)-(12) in accordance U (z, t)
to solution of problem (6)-(8): Z =Y —S*U : RU = Z . Then, it appears from (14) that norm
of the operator R : W2(Qr) — Hy, is assessed as follows: ||R||_, < M(r% + |h[?). In similar
way, R : W3(Qr) — Hy is assessed as:||R||_; < M(7 + |h|). Then for R : W§(Q1) — Hawo
with norm || R|_; < ||R[|g, ||RHII{_2ae < M(7® + |h|®) the following assessment is justified

121y < M(z™ + |1f7) U] e (1.2). (16)

Let’s introduce spaces

={Z(x,t) € Clwr, W3 (wn))}, H5 = {Z(x,t) € Clwr, W5 (wn))} -

We mtroduce space Hy 5, & € (2,3) , interpolating Hilbert spaces Hj, H3 , and the norm
VZ € Hy, , is defined as follows

%7QT » &

1/2

12l = K? oo K (Z.o)= jnf {12V
0 Vel

uy +ollVi , Z €Hz).

Then, it appears from (16) that norm of operator R : W3(Qr) — Hj , is assessed as follows:
IR, < M(m* + |h|?) . In similar way, R : W2(Qr) — Hj is assessed as: |R|lg < M(T+ |h]).
Then for R : W§(Qr) — Hj, with norm ||Rl|y < [[RI[E: [Rllm™ < M7=~ + [b*7}) the

following assessment is justified
1Zllg < M(r*~! + [p*" ) U]
Let’s introduce spaces
= {Z(a:,t) € C’(wT,Hfl(wh))}, H5 = {Z(z,t) € C(wr, La(wp))} -

e € (2,3). (17)

aerT K
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We introduce space Hy 5, 6 € (—1,0) , interpolating Hilbert spaces H}*, H5* , and the norm
VZ € Hy ., is defined as follows
o0 1/2
da
Zl,= | | K%Z a)a—=to122 K(Z,a) = inf { Z-V v z H}
21, = | [ &2z@a= L) k()= it {12 Vi +alViy. 2 €1
0

Then, it appears from (16), (17) that norm of operator R : W (Qr) — H}* , is assessed as
follows: [ R|[(_y) < M (7% + |h|*) . In similar way, R : W&(Qr) — H3" is assessed as: ||R||, <

M(7==1 + [n[*7") . Then for R : W§(Qr) — Hpwa with norm |[R]l, < [RIIT ) [ Rl <
M (72=0=1 4 |h|*%71) the assessment is justified (15). The theorem is proved.

O

5. COMMENT

The results of the theorem 2 are true for the firth boundary problem (see [4]), as well as for
economical factorized centered difference scheme (the scheme is built and studied in the work

[5])-
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